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ABSTRACT 

 
This paper deals with the determination of stress 
distribution and displacement field of radially graded 
disks. The material behaviour is linearly elastic and 
orthotropic, the thin disk is subjected to combined 
mechanical and thermal loading. The material 
distribution is arbitrary function of the radial coordinate 
and the temperature field, while the temperature 
distribution and the thickness profile of the thin disk 
depend on the radial coordinate. A system of differential 
equations is derived, then reformulated to transform the 
steady-state thermoelastic problem to a system of initial 
value problems. A stress function is used to solve the 
axisymmetric problem, then different boundary 
conditions are investigated. The solution is derived, when 
the displacement values at the cylindrical boundary 
surfaces are given (e.g. fixed or prescribed). 
 

1. INTRODUCTION 
 

Functionally graded materials (FGMs) represent a 
class of advanced engineered materials characterized by 
a continuous variation in composition, which in turn 
causes a corresponding gradation in material properties 
aligned with the functional requirements of the structural 
component, typically along a single spatial direction. The 
graded interface between constituent phases ensures a 
smooth transition from one material to another, thereby 
imparting enhanced mechanical performance and 
improved thermal resistance. Owing to these 
advantageous characteristics, the concept of FGMs has 
attracted increasing attention in recent decades. FGMs 
are important in case of inverse design, which is a 
computational approach where the desired behaviour of 
a material or structure is specified first, and then the 
material distribution (or geometry) is determined to 
achieve that target. Inverse design is particularly valuable 
in this case, because it allows engineers to tailor the 
spatial variation of material properties - such as stiffness, 
thermal behaviour or strength - to meet specific 
functional requirements. 

A substantial body of research has investigated the 
mechanics of functionally graded materials from diverse 

perspectives. Comprehensive treatments of linearly 
elastic problems in non-homogeneous solids can be 
found in several monographs [1–4]. In addition, 
numerous studies have reported analytical, semi-
analytical, and numerical solutions to thermomechanical 
problems in a variety of geometries, including hollow 
spheres, disks, cylindrical shells, beams, such as [5-7]. A 
substantial body of research has been devoted to the 
thermoelastic and mechanical analysis of functionally 
graded and orthotropic disks, employing analytical, semi-
analytical, and numerical methodologies. Early 
contributions include the work of Pen and Li [8], who 
investigated steady-state thermoelastic problems in 
isotropic radially graded disks with arbitrary radial non-
homogeneity, formulating the solution as a Fredholm 
integral equation. Stampouloglou and Theotokoglou [9] 
derived exact solutions for hollow circular cylinders and 
disks with exponential and power-law variations in shear 
modulus, based on compatibility and equilibrium 
equations. Subsequent studies expanded the range of 
loading and geometric conditions. For instance, the 
analysis in [10] considered displacement and stress fields 
in radially graded hollow disks subjected to angular 
acceleration and thermal effects using a semi-analytical 
approach. Boğa and Yildirim [11] employed the method 
of complementary functions to study disks with parabolic 
thickness profiles, while Gönczi [12] proposed a 
numerical scheme for the steady-state thermoelastic 
response of isotropic hollow circular disks with arbitrary 
radial gradation. Rotating disks have received particular 
attention. Zheng et al. [13, 14] analysed radially graded 
isotropic and fiber-reinforced rotating disks, applying 
finite difference methods to compute displacements and 
stress distributions. Eraslan et al. [15] developed 
analytical solutions for orthotropic disks with power-law 
property profiles, transforming the governing relations 
into hypergeometric differential equations. More recent 
works have addressed orthotropic and specially tailored 
material distributions. Yildirim [16] applied the 
complementary function method to thermomechanical 
problems of orthotropic disks, while Allam et al. [17] 
introduced semi-analytical formulations for specific 
gradation patterns. Variational approaches on discretized 
domains were also adopted in [18, 19] to investigate the 

4.3. Használat szempontú tervezés 

A DFO (Design for Operation) a használat, alkalma-
zás szempontból helyes tervezés. Ennek alágai a kopás, 
korrózió és karbantartás szempontjából helyes tervezés. 

Az első kettő esetében, ahogy már a gyártáshelyes 
tervezésnél láthattuk, az alapelv itt is azonos. a DFO 
először a kopások és korróziók fajtáit, okait és ezután az 
elkerülési vagy mérséklési módjaikat mutatja be és tesz 
javaslatot az optimális kialakításra.  

 

 
8. ábra. Felületi korrózió szempontjából helyes és 

helytelen kialakítások [1, 3].  
 

 A karbantartás szempontból helyes tervezés esetén 
pedig szétszerelhetőség, az irányított tönkremenetel és a 
szükséges karbantartandó részekhez megfelelő 
hozzáférés kialakítására tesz javaslatokat. Valamennyi 
DFO elv több betervezett és összeszerelt alkatrész 
egymáshoz képest optimális kiválasztását és kialakítását 
célozza meg, így inkább a részletek megtervezésekor, 
azaz a főterv, a megtervezés és a finomítás során 
alkalmazhatóak hatékonyan. 

 
4.4. Környezethelyes tervezés 

A DFE (Design for Environment) a környezethelyes 
tervezés több alapelvet foglal magában. Az egyik a LCA 
(Life Cycle Assesment) az életciklus elemzés, amely 
végig kíséri a terméket az életútján, és hozzárendeli az 
egyes szakaszokban a környezeti hatásokat, az 
előállítástól a recycling-ig (pl.: alumínium esetén a bauxit 
bányászatától a nyomásos öntésen keresztül az 
újrahasznosításig).  

A másik ilyen elv a MET-pontok, amely egy termék 
vagy anyag életciklus elemzésein (LCA) alapulnak. A 
módszer a környezeti információkat kompakt formában 
foglalja össze. A MET-pontok egyik előnye, hogy tovább 
osztja a pontokat M (Material, ritka anyagok használata), 
E (Energy, energia fogyasztás) és T (Toxic, mérgező 
kibocsájtás) részekre, ily módon több információt ad a 
kihatás természetéről. A DFE elvek alkalmazása 
valamennyi tervezési szakaszban indokolt és elvárt.  

 
5. A DFX TECHNIKÁK GYAKORLATI 

ALKALMAZÁSA 
 

A DFX technikák alkalmazására manapság 
célszoftverek és online felületek is rendelkezésre állnak.  

A szoftver alkalmas arra, hogy egy tervezendő vagy 
egy optimalizálandó berendezés komponenseit szerelési 
családfa-szerűen betápláljuk. Ennek során számos 

szerelési jellemzőre információt kell adjunk (pl. a már 
említett hármas szabályra vonatkozóan, komponensek 
száma, szerelési sorrend, szerelési nehézség, 
segédanyagok …), amelyek segítségével a szoftver 
kiszámolja az egység DFA-indexét, valamint javaslatot 
tesz konstrukciós módosításokra, mint például 
komponensek összevonása vagy elhagyása.  

 
 9. ábra. DFA-szoftver segítségével áttervezett 

mosógépszelep [3].  
 

A 9. ábrán a DFA-szoftver alkalmazására látható egy 
példa, amely magért beszél: alkatrészek száma 38-ról 16-
ra, a kötések száma 112-ről 42-re, míg az eltérő típusú 
kötések száma 4-ről 1-re csökkent. 

A DFE-szoftver alkalmazásával hasonló eredménye-
ket lehet elérni a például a berendezés MET-pontok 
számértékének (károsanyag-kibocsátás a teljes életpálya 
során vagy reciklálhatóság a kivonáskor) a tekintetében. 
 

6. ÖSSZEFOGLALÁS 
 

A cikkben áttekintésre került a géptervezés folyamata, 
fázisai és kiemelt szakaszai. Majd bemutatásara került a 
DfX technikák alapelve és a módszer főbb irányai.  

Ezután egyesével bemutattam az egyes DFX 
irányokat, azok jellemzőit és az egyes géptervezési 
szakaszok során az alkalmazhatóságukat. Igyekeztem 
mindenhol egy-egy vizuális példával szemléltetni a 
módszereket. Végül kitértem a DFX technikák 
alkalmazását támogató szoftverek elérhetőégére és az így 
elérhető eredményekre is mutattam be példát.   

Szerencsére napjainkban újra előtérbe kerül a DFX 
technikák megismerése és a módszerek alkalmazása a 
tapasztalt tervezők körében is, amelyre az ipar szereplői 
lehetőséget is kaphatnak a Budapesti Műszaki és 
Gazdaságtudományi Egyetemen a Gép- és 
Terméktervezés Tanszék felnőttképzési programjában. 
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thermoelastic response of orthotropic disks. Collectively, 
these studies underscore the variety of mathematical 
tools - ranging from integral equation formulations to 
complementary function methods, finite difference 
schemes, and variational techniques - that have been 
developed to capture the complex behaviour of radially 
graded and orthotropic disks under diverse mechanical 
and thermal loading conditions.  
The subject of this study is the solution of a 
thermoelasticity problem for cylindrically orthotropic, 
radially graded disks. The structural element is subjected 
to combined thermal and mechanical loading, which can 
be described by an axisymmetric model. The time 
dependence is neglected, therefore, the problem can be 
treated as a decoupled thermoelastic one. Due to the 
geometry and loading conditions, the disk is in a state of 
plane stress. The sketch of the axisymmetric disk is 
shown in Fig. 1. Here, the outer radius is denoted by 𝑅𝑅2, 
the inner radius by 𝑅𝑅1, and the thickness profile in the 
axial (z) direction is represented by ℎ(𝑟𝑟), which is an 
arbitrary function of the radial coordinate. 
 

Figure 1. The sketch of the problem 
 

The applied loads on the structural element consist of a 
temperature field depending arbitrarily on the radial 
coordinate, as well as a body force acting in the radial 
direction. In addition, constant radial surface tractions 
may be applied on the inner and outer curved boundaries 
(𝑝𝑝1 , 𝑝𝑝2), or alternatively, prescribed radial displacements 
may be imposed on these boundaries (𝑢𝑢1, 𝑢𝑢2 as “loading 
alternatives”). The numerical solution method employed 
reduces the problem to a combination of three initial-
value problems, relying on the linearity of the governing 
system of equations and boundary conditions. The 
material properties 𝐶𝐶𝑖𝑖𝑖𝑖(𝑟𝑟, 𝑇𝑇) are considered as arbitrary 
functions of both the radial coordinate and the 
temperature field. 
 

2. FORMULATION OF THE PROBLEM 
 
Let’s consider a cylindrical coordinate system (𝑟𝑟, 𝜑𝜑, 𝑧𝑧). 
The formulated disk problem is treated as a linear 
problem. Small deformations are assumed, however, due 
to the nature of the structure and loading, the 
displacement field has only a radial component. The 
kinematic equations of the problem are 
 
 𝜀𝜀𝑟𝑟(𝑟𝑟) = 𝜕𝜕𝑢𝑢𝑟𝑟

𝜕𝜕𝜕𝜕 = d𝑢𝑢𝑟𝑟(𝑟𝑟)
d𝑟𝑟 ,  (1) 

 
 𝜀𝜀𝜑𝜑(𝑟𝑟) = 𝑢𝑢𝑟𝑟𝑟𝑟−1. (2) 

In our previous equations 𝑢𝑢𝑟𝑟 is the radial displacement, 
𝜀𝜀𝑟𝑟, 𝜀𝜀𝜑𝜑 denote the radial and circumferential normal 
strains. In our axisymmetric case, the nonzero 
equilibrium equation (in the radial direction) 
 𝜕𝜕𝜎𝜎𝑟𝑟

𝜕𝜕𝜕𝜕 + 1
𝑟𝑟

𝜕𝜕𝜏𝜏𝑟𝑟𝑟𝑟
𝜕𝜕𝜕𝜕 + 𝜕𝜕𝜏𝜏𝑟𝑟𝑟𝑟

𝜕𝜕𝜕𝜕 + 1
𝑟𝑟 (𝜎𝜎𝑟𝑟 − 𝜎𝜎𝜑𝜑) + 𝑏𝑏𝑟𝑟 = 0 (3) 

 
leads us to  
 
 𝑑𝑑

𝑑𝑑𝑑𝑑 [𝑟𝑟𝜎𝜎𝑟𝑟(𝑟𝑟)ℎ(𝑟𝑟)] − ℎ(𝑟𝑟)𝜎𝜎𝜑𝜑(𝑟𝑟) + ℎ(𝑟𝑟)𝑏𝑏𝑟𝑟 = 0,  (4) 

 
where the body forces are expressed as the product of the 
thickness of the disk and a body force function 𝑏𝑏𝑟𝑟. In case 
of rotating disk, we have 𝑏𝑏𝑟𝑟 = 𝜌𝜌(𝑟𝑟)𝜔𝜔2𝑟𝑟2, where 𝜚𝜚 is the 
density of the material. From Eq. (4) the stress function 
of the problem can be derived. Let’s denote the stress 
function by 𝑆𝑆, which can be expressed as 
 
 𝜎𝜎𝑟𝑟(𝑟𝑟) = 𝑆𝑆(𝑟𝑟)𝑟𝑟−1ℎ−1(𝑟𝑟),  (5) 
 
 𝜎𝜎𝜑𝜑(𝑟𝑟) = 𝑑𝑑𝑑𝑑(𝑟𝑟)

𝑑𝑑𝑑𝑑
1

ℎ(𝑟𝑟) + 𝑏𝑏𝑟𝑟(𝑟𝑟) (6) 
 
for our axisymmetric disks. The cylindrically orthotropic 
thermoelastic constitutive behaviour, the Duhamel-
Neumann equation [4] is expressed in Voigt’s 
engineering notation as 𝛔𝛔 = 𝐂𝐂𝐂𝐂 + 𝛃𝛃𝜗𝜗, where the 6×6 
stiffness matrix 𝐂𝐂 contains nine independent material 
parameters. 𝜗𝜗 = 𝑇𝑇 − 𝑇𝑇𝑒𝑒𝑒𝑒  is the temperature difference 
function, where the absolute temperature is compared to 
the equilibrium temperature 𝑇𝑇𝑒𝑒𝑒𝑒 . In the governing 
equations, the temperature distribution is arbitrary, but 
necessarily a function of the radial coordinate. This 
assumption is justified by the disk’s small thickness and 
by prescribing identical third-kind boundary conditions 
on the upper and lower curved surfaces, which yield, to a 
good approximation of such temperature profile. 
Considering linearly elastic, orthotropic materials, the 
nonzero components of the stress tensor in the cylindrical 
coordinate system are given as follows [4] 
 
 𝜎𝜎𝑟𝑟(𝑟𝑟) = 𝐶𝐶11(𝑇𝑇, 𝑟𝑟)𝜀𝜀𝑟𝑟(𝑟𝑟) + 𝐶𝐶12(𝑇𝑇, 𝑟𝑟)𝜀𝜀𝜑𝜑(𝑟𝑟) + 
 +𝐶𝐶13(𝑇𝑇, 𝑟𝑟)𝜀𝜀𝑧𝑧(𝑟𝑟) + 𝛽𝛽11(𝑇𝑇, 𝑟𝑟)𝜗𝜗(𝑟𝑟), (7) 
 
 𝜎𝜎𝜑𝜑(𝑟𝑟) = 𝐶𝐶12(𝑇𝑇, 𝑟𝑟)𝜀𝜀𝑟𝑟(𝑟𝑟) + 𝐶𝐶22(𝑇𝑇, 𝑟𝑟)𝜀𝜀𝜑𝜑(𝑟𝑟) + 
 +𝐶𝐶23(𝑇𝑇, 𝑟𝑟)𝜀𝜀𝑧𝑧(𝑟𝑟) + 𝛽𝛽22(𝑇𝑇, 𝑟𝑟)𝜗𝜗(𝑟𝑟), (8) 
 
furthermore, the plane stress state of the disk leads us to 
the normal stress 
 
𝜎𝜎𝑧𝑧 = 0 = 𝐶𝐶31𝜀𝜀𝑟𝑟 + 𝐶𝐶32𝜀𝜀𝜑𝜑 + 𝐶𝐶33𝜀𝜀𝑧𝑧 + 𝛽𝛽33𝜗𝜗, (9) 
 
𝜀𝜀𝑧𝑧 = −𝐶𝐶31𝐶𝐶33

−1𝜀𝜀𝑟𝑟 − 𝐶𝐶33
−1𝐶𝐶32𝜀𝜀𝜑𝜑 − 𝛽𝛽33𝐶𝐶33

−1𝜗𝜗. (10) 
 
Let’s introduce the following notations for the material 
properties 
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 𝐶𝐶1 = 𝐶𝐶11 − 𝐶𝐶33
−1𝐶𝐶13

2 , 𝐶𝐶2 = 𝐶𝐶12 − 𝐶𝐶33
−1𝐶𝐶23𝐶𝐶13,    

𝐶𝐶3 = 𝐶𝐶2 = 𝐶𝐶21 − 𝐶𝐶33
−1𝐶𝐶31𝐶𝐶23, 𝐶𝐶4 = 𝐶𝐶22 − 𝐶𝐶33

−1𝐶𝐶23
2 , (11) 

 𝐵𝐵1 = 𝛽𝛽11 − 𝛽𝛽33𝐶𝐶33
−1𝐶𝐶13, 𝐵𝐵2 = 𝛽𝛽22 − 𝛽𝛽33𝐶𝐶33

−1𝐶𝐶23.  
 
Using these new constants we have  
 

𝜎𝜎𝑟𝑟(𝑟𝑟) = 𝐶𝐶1(𝑇𝑇, 𝑟𝑟)𝜀𝜀𝑟𝑟(𝑟𝑟) + 𝐶𝐶2(𝑇𝑇, 𝑟𝑟)𝜀𝜀𝜑𝜑(𝑟𝑟) + 
 +𝐵𝐵1(𝑇𝑇, 𝑟𝑟)𝜗𝜗(𝑟𝑟), (12) 
 
 𝜎𝜎𝜑𝜑(𝑟𝑟) = 𝐶𝐶2(𝑇𝑇, 𝑟𝑟)𝜀𝜀𝑟𝑟(𝑟𝑟) + 𝐶𝐶4(𝑇𝑇, 𝑟𝑟)𝜀𝜀𝜑𝜑(𝑟𝑟) + 
 +𝐵𝐵2(𝑇𝑇, 𝑟𝑟)𝜗𝜗(𝑟𝑟) (13) 
 
for the nonzero normal stress components. From the 
combination of Eqs. (1), (2), (5) and (12) we have our 
first equation as 
 
 d𝑢𝑢

d𝑟𝑟 = 𝐶𝐶11
−1𝑟𝑟−1ℎ−1𝑆𝑆 − 𝐶𝐶2𝐶𝐶11

−1𝑟𝑟−1𝑢𝑢 − 𝐵𝐵1𝐶𝐶11
−1𝜗𝜗.(14) 

 
From Eqs. (1), (2), (13), (14) and (6) the second 
differential equation of our system of initial value 
problem can be determined as 
 
 d𝑆𝑆

d𝑟𝑟 = 𝐶𝐶2𝐶𝐶11
−1𝑟𝑟−1𝑆𝑆 + (𝐶𝐶4 − 𝐶𝐶2

2𝐶𝐶11
−1)ℎ𝑟𝑟−1𝑢𝑢 + 

 +(𝐵𝐵2 − 𝐵𝐵1𝐶𝐶2
−1𝐶𝐶11

−1)ℎ𝜗𝜗 − ℎ𝑏𝑏𝑟𝑟. (15) 
 
To solve the system of differential equations of (14) and 
(15), we can use different approaches. These techniques 
solve two initial value problems - for example with 
Runge-Kutta-Fehlberg method -, from which the actual 
initial values of the stress function and radial 
displacement of the original problem can be calculated. 
When there are traction boundary conditions at both 
boundaries (𝑅𝑅1, 𝑅𝑅2), we can use a similar approach to the 
one presented in [12]. We can make it more efficient, 
when for the first calculation we use the initial data (𝑢𝑢1

1 =
1, 𝑆𝑆1

1 = 0) and calculate the values of 𝑢𝑢2
1, 𝑆𝑆2

1. In our 
second calculation we use (𝑢𝑢1

2 = 0, 𝑆𝑆1
2 = 1) and 

determine (𝑢𝑢2
2,  𝑆𝑆2

2). From this we can compute the 
solution of the problem as described in [12] for a similar 
problem. When we have kinematic boundary conditions 
𝑢𝑢𝑟𝑟(𝑟𝑟 = 𝑅𝑅1) = 𝑢𝑢1, 𝑢𝑢𝑟𝑟(𝑟𝑟 = 𝑅𝑅2) = 𝑢𝑢2, we need the data 
𝑢𝑢1

1 = 𝑢𝑢1, 𝑆𝑆1
1 = 1 in our first initial value problem and 

calculate the values of 𝑢𝑢2
1, 𝑆𝑆2

1. In our second calculation 
we use (𝑢𝑢1

2 = 𝑢𝑢1, 𝑆𝑆1
2 ≠ 𝑆𝑆1

1: arbitrary value) and 
determine 𝑢𝑢2

2, 𝑆𝑆2
2. From this calculation the initial value 

of the stress function is  
 
 𝑆𝑆1 = (𝑆𝑆1

1 − 𝑆𝑆1
2)(𝑢𝑢1 + 𝑢𝑢2)(𝑢𝑢2

2 − 𝑢𝑢2
1)−1 + 𝑆𝑆1

1. (16) 
 
For the mixed boundary conditions, we can utilize a 
similar approach, which is based on the linear 
combination of first two solutions. 

 
 
 
 
 

3. NUMERICAL EXAMPLE 
 
For the numerical example, the material properties (𝑀𝑀) 
have the following (power-law based) form: 
 

𝑀𝑀(𝑟𝑟) = 𝑀𝑀0 ( 𝑟𝑟
𝑅𝑅1

)
𝑚𝑚

, 
where the data are 

𝐶𝐶1
0, 𝐶𝐶2

0, 𝐶𝐶3
0 = 0.45, 0.3, 16 GPa; 𝛽𝛽1

0 = −12500 N
m2K,  

𝛽𝛽2
0 = −32000 N

m2K , 𝜆𝜆0 = 20 W
mK , 𝑞𝑞0 = 70 𝑊𝑊

𝑚𝑚2𝐾𝐾,  
𝑇𝑇𝑒𝑒𝑒𝑒(𝑟𝑟) = 95 − 3000𝑟𝑟1.8[K], 𝜗𝜗1 = 120K, 𝜗𝜗2 = 20K, 

𝑅𝑅1 = 0.02m, 𝑅𝑅2 = 0.1m, ℎ(𝑟𝑟) = 𝑟𝑟−0.2[mm], 
𝑝𝑝1 = 40MPa, 𝑝𝑝2 = 5MPa, m= 12. 

 
In the previous expressions 𝜆𝜆 and 𝑞𝑞 denote the heat 
transfer and heat exchange coefficients, 𝑇𝑇𝑒𝑒𝑒𝑒 is the 
environmental temperature along the radial direction. 
The numerical method to calculate the temperature field 
is presented in [12] or we can use finite element method 
to determine it. We are going to validate the equations of 
the kinematic boundary conditions by calculating the 
result from the traction boundary conditions (𝑝𝑝1, 𝑝𝑝2), then 
using the computed displacements 𝑢𝑢1 and 𝑢𝑢2 as 
kinematic boundary conditions to get the original traction 
values of 𝑝𝑝1, 𝑝𝑝2 back. In this example the dominant stress 
coordinate is the tangential normal stress. Figure 2 shows 
the relative tangential normal stress distribution (𝜎𝜎𝜑𝜑(𝑟𝑟)/
𝑝𝑝1). It is in good agreement with the analytical solution. 
When we used the displacement values (0.35, 0.1 mm), 
we got back the radial normal stresses 𝜎𝜎𝑟𝑟(𝑟𝑟 = 𝑅𝑅1) =
−39.9 MPa, and  𝜎𝜎𝑟𝑟(𝑟𝑟 = 𝑅𝑅2) = −5.05 MPa. 
 

 
Figure 2. The tangential normal stress distribution 

 
4. SUMMARY 

 
The determination of the displacement field and normal 
stresses of radially graded orthotropic disks was 
investigated. Plain stress assumption and Voigt notation 
was used to formulate the problem. Stress functions were 
derived and used to transform the problem into a system 
of initial value problems. Due to the linearity of the 
problem, the solution can be calculated by solving two 
initial value problems, then the actual initial values can 
be calculated and used to solve the thermoelastic problem 
(e.g. by utilizing Runge-Kutta-Fehlberg method). The 
presented method works for an arbitrary temperature 

thermoelastic response of orthotropic disks. Collectively, 
these studies underscore the variety of mathematical 
tools - ranging from integral equation formulations to 
complementary function methods, finite difference 
schemes, and variational techniques - that have been 
developed to capture the complex behaviour of radially 
graded and orthotropic disks under diverse mechanical 
and thermal loading conditions.  
The subject of this study is the solution of a 
thermoelasticity problem for cylindrically orthotropic, 
radially graded disks. The structural element is subjected 
to combined thermal and mechanical loading, which can 
be described by an axisymmetric model. The time 
dependence is neglected, therefore, the problem can be 
treated as a decoupled thermoelastic one. Due to the 
geometry and loading conditions, the disk is in a state of 
plane stress. The sketch of the axisymmetric disk is 
shown in Fig. 1. Here, the outer radius is denoted by 𝑅𝑅2, 
the inner radius by 𝑅𝑅1, and the thickness profile in the 
axial (z) direction is represented by ℎ(𝑟𝑟), which is an 
arbitrary function of the radial coordinate. 
 

Figure 1. The sketch of the problem 
 

The applied loads on the structural element consist of a 
temperature field depending arbitrarily on the radial 
coordinate, as well as a body force acting in the radial 
direction. In addition, constant radial surface tractions 
may be applied on the inner and outer curved boundaries 
(𝑝𝑝1 , 𝑝𝑝2), or alternatively, prescribed radial displacements 
may be imposed on these boundaries (𝑢𝑢1, 𝑢𝑢2 as “loading 
alternatives”). The numerical solution method employed 
reduces the problem to a combination of three initial-
value problems, relying on the linearity of the governing 
system of equations and boundary conditions. The 
material properties 𝐶𝐶𝑖𝑖𝑖𝑖(𝑟𝑟, 𝑇𝑇) are considered as arbitrary 
functions of both the radial coordinate and the 
temperature field. 
 

2. FORMULATION OF THE PROBLEM 
 
Let’s consider a cylindrical coordinate system (𝑟𝑟, 𝜑𝜑, 𝑧𝑧). 
The formulated disk problem is treated as a linear 
problem. Small deformations are assumed, however, due 
to the nature of the structure and loading, the 
displacement field has only a radial component. The 
kinematic equations of the problem are 
 
 𝜀𝜀𝑟𝑟(𝑟𝑟) = 𝜕𝜕𝑢𝑢𝑟𝑟

𝜕𝜕𝜕𝜕 = d𝑢𝑢𝑟𝑟(𝑟𝑟)
d𝑟𝑟 ,  (1) 

 
 𝜀𝜀𝜑𝜑(𝑟𝑟) = 𝑢𝑢𝑟𝑟𝑟𝑟−1. (2) 

In our previous equations 𝑢𝑢𝑟𝑟 is the radial displacement, 
𝜀𝜀𝑟𝑟, 𝜀𝜀𝜑𝜑 denote the radial and circumferential normal 
strains. In our axisymmetric case, the nonzero 
equilibrium equation (in the radial direction) 
 𝜕𝜕𝜎𝜎𝑟𝑟

𝜕𝜕𝜕𝜕 + 1
𝑟𝑟

𝜕𝜕𝜏𝜏𝑟𝑟𝑟𝑟
𝜕𝜕𝜕𝜕 + 𝜕𝜕𝜏𝜏𝑟𝑟𝑟𝑟

𝜕𝜕𝜕𝜕 + 1
𝑟𝑟 (𝜎𝜎𝑟𝑟 − 𝜎𝜎𝜑𝜑) + 𝑏𝑏𝑟𝑟 = 0 (3) 

 
leads us to  
 
 𝑑𝑑

𝑑𝑑𝑑𝑑 [𝑟𝑟𝜎𝜎𝑟𝑟(𝑟𝑟)ℎ(𝑟𝑟)] − ℎ(𝑟𝑟)𝜎𝜎𝜑𝜑(𝑟𝑟) + ℎ(𝑟𝑟)𝑏𝑏𝑟𝑟 = 0,  (4) 

 
where the body forces are expressed as the product of the 
thickness of the disk and a body force function 𝑏𝑏𝑟𝑟. In case 
of rotating disk, we have 𝑏𝑏𝑟𝑟 = 𝜌𝜌(𝑟𝑟)𝜔𝜔2𝑟𝑟2, where 𝜚𝜚 is the 
density of the material. From Eq. (4) the stress function 
of the problem can be derived. Let’s denote the stress 
function by 𝑆𝑆, which can be expressed as 
 
 𝜎𝜎𝑟𝑟(𝑟𝑟) = 𝑆𝑆(𝑟𝑟)𝑟𝑟−1ℎ−1(𝑟𝑟),  (5) 
 
 𝜎𝜎𝜑𝜑(𝑟𝑟) = 𝑑𝑑𝑑𝑑(𝑟𝑟)

𝑑𝑑𝑑𝑑
1

ℎ(𝑟𝑟) + 𝑏𝑏𝑟𝑟(𝑟𝑟) (6) 
 
for our axisymmetric disks. The cylindrically orthotropic 
thermoelastic constitutive behaviour, the Duhamel-
Neumann equation [4] is expressed in Voigt’s 
engineering notation as 𝛔𝛔 = 𝐂𝐂𝐂𝐂 + 𝛃𝛃𝜗𝜗, where the 6×6 
stiffness matrix 𝐂𝐂 contains nine independent material 
parameters. 𝜗𝜗 = 𝑇𝑇 − 𝑇𝑇𝑒𝑒𝑒𝑒  is the temperature difference 
function, where the absolute temperature is compared to 
the equilibrium temperature 𝑇𝑇𝑒𝑒𝑒𝑒 . In the governing 
equations, the temperature distribution is arbitrary, but 
necessarily a function of the radial coordinate. This 
assumption is justified by the disk’s small thickness and 
by prescribing identical third-kind boundary conditions 
on the upper and lower curved surfaces, which yield, to a 
good approximation of such temperature profile. 
Considering linearly elastic, orthotropic materials, the 
nonzero components of the stress tensor in the cylindrical 
coordinate system are given as follows [4] 
 
 𝜎𝜎𝑟𝑟(𝑟𝑟) = 𝐶𝐶11(𝑇𝑇, 𝑟𝑟)𝜀𝜀𝑟𝑟(𝑟𝑟) + 𝐶𝐶12(𝑇𝑇, 𝑟𝑟)𝜀𝜀𝜑𝜑(𝑟𝑟) + 
 +𝐶𝐶13(𝑇𝑇, 𝑟𝑟)𝜀𝜀𝑧𝑧(𝑟𝑟) + 𝛽𝛽11(𝑇𝑇, 𝑟𝑟)𝜗𝜗(𝑟𝑟), (7) 
 
 𝜎𝜎𝜑𝜑(𝑟𝑟) = 𝐶𝐶12(𝑇𝑇, 𝑟𝑟)𝜀𝜀𝑟𝑟(𝑟𝑟) + 𝐶𝐶22(𝑇𝑇, 𝑟𝑟)𝜀𝜀𝜑𝜑(𝑟𝑟) + 
 +𝐶𝐶23(𝑇𝑇, 𝑟𝑟)𝜀𝜀𝑧𝑧(𝑟𝑟) + 𝛽𝛽22(𝑇𝑇, 𝑟𝑟)𝜗𝜗(𝑟𝑟), (8) 
 
furthermore, the plane stress state of the disk leads us to 
the normal stress 
 
𝜎𝜎𝑧𝑧 = 0 = 𝐶𝐶31𝜀𝜀𝑟𝑟 + 𝐶𝐶32𝜀𝜀𝜑𝜑 + 𝐶𝐶33𝜀𝜀𝑧𝑧 + 𝛽𝛽33𝜗𝜗, (9) 
 
𝜀𝜀𝑧𝑧 = −𝐶𝐶31𝐶𝐶33

−1𝜀𝜀𝑟𝑟 − 𝐶𝐶33
−1𝐶𝐶32𝜀𝜀𝜑𝜑 − 𝛽𝛽33𝐶𝐶33

−1𝜗𝜗. (10) 
 
Let’s introduce the following notations for the material 
properties 
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function and thickness profile, that depends on the radial 
coordinate, while the material parameters can be arbitrary 
functions of the radial coordinate and the temperature 
distribution. A numerical example was considered (that 
is based on power-law functions), where the solutions of 
two different boundary conditions were tested on the 
same problem. The results were in good agreement. 
 

5. REFERENCES 
 

[1] Hetnarski R. B., Eslami M. R.: Thermal Stresses – 
Advanced Theory and Applications, Springer, New 
York, USA, 2010, https://doi.org/10.1007/978-3-
030-10436-8 

[2] Lekhnitskii S. G.: Theory of Elasticity of an 
Anisotropic Body, Mir Publishers, Moscow, 1981, 
https://doi.org/10.12677/ASS.2021.105163 

[3] Noda N., Hetnarski R. B., Tanigawa Y.: Thermal 
Stresses, Lastran Corporation, Rochester, New 
York, USA, 2000, 
https://doi.org/10.1115/1.1349549 

[4] Shen H-S.: Functionally Graded Materials: 
Nonlinear Analysis of Plates and Shells, CRC Press, 
London, UK, 2009, 
https://doi.org/10.1201/9781420092578 

[5] Ecsedi I., Gönczi D.: Determination of the 
deformation of beams under the action of axial and 
thermal loads, Annals of the Faculty of Engineering 
Hunedoara, 21 (3), 2023, pp. 39-42,  

[6] Kiss L. P., Messaoudi A.: Assessments of the non-
linear instability of arches with imperfect geometry, 
STRUCTURES, 71:108031, 2025, pp.17, 
https://doi.org/10.1016/j.istruc.2024.108031. 

[7] Sorohan S., Constantinescu D. M., Apostol D. A.: 
On the tailoring of radially FGM hollow spheres 
cylinders and disks. The Romanian Journal of 
Technical Sciences. Applied Mechanics., 69(2-3), 
2024, pp. 167-190, 
https://doi.org/10.59277/RJTS-AM.2024.2-3.05 

[8] Pen X., Li X.: Thermoelastic analysis of functionally 
graded annulus with arbitrary gradient, Applied 
Mathematics and Mechanics (English Edition), 30 
(10), 2009, pp. 1211-1220, 
https://doi.org/10.1007/s10483-009-1001-7 

[9] Stampouloglou I. H., Theotokoglou E. E.: The 
radially nonhomogeneous thermoelastic 
axisymmetric problem, International Journal of 
Mechanical Sciences, 120, 2017, pp. 311-321, 
https://doi.org/10.1016/j.ijmecsci.2016.11.010 

[10] Dai T., Dai H.-L.: Thermo-elastic analysis of a 
functionally graded rotating hollow circular disk 
with variable thickness and angular speed, Applied 
Mathematical Modelling, 40, 2016, pp. 7689-7707, 
https://doi.org/10.1016/j.apm.2016.03.025 

 

[11] Boğa C., Yildirim V.: Application of the 
Complementary Functions Method to an Accurate 
Elasticity Solution for the Radially Functionally 
Graded (FG) Rotating Disks with Continuously 
Variable Thickness and Density, Solid State 
Phenomena, 251, 2016, pp. 100-105, 
https://doi.org/10.4028/www.scientific.net/SSP.251
.100 

[12] Gönczi, D.: Thermoelastic analysis of functionally 
graded anisotropic rotating disks and radially 
graded spherical pressure vessels, Journal of 
Computational and Applied Mechanics, 19 (2), 
2024, pp. 85-104,  
https://doi.org/10.32973/jcam.2024.004 

[13] Zheng Y., Bahaloo H., Mousanezhad D., Mahdi E., 
Vaziri A., Nayeb-Mashemi H.: Stress analysis in 
functionally graded rotating disks with non-uniform 
thickness and variable angular velocity, 
International Journal of Mechanical Sciences, 119, 
2016, pp. 283-293,  
https://doi.org/10.1016/j.ijmecsci.2016.10.018 

[14] Zheng Y., Bahaloo H., Mousanezhad D., Mahdi E., 
Vaziri A., Nayeb-Mashemi H.: Displacement and 
Stress Fields in a Functionally Graded Fiber-
Reinforced Rotating Disk With Nonuniform 
Thickness and Variable Angular Velocity, ASME, J. 
Eng. Mater. Technol., 139(3), 2017, 
https://doi.org/10.1115/1.4036242 

[15] Eraslan A.N., Kaya Y., Varli E.: Analytical solutions 
to orthotropic variable thickness disk problems, 
Pamukkale Univ Muh Bilim Derg, Vol. 22(1), 2016, 
pp.  24-30,  
https://doi.org/10.5505/pajes.2015.91979 

[16] Yildirim V.: The Complementary Functions Method 
(CFM) Solution to the Elastic Analysis of Polar 
Orthotropic Rotating Discs, J. Appl. Comput. 
Mech., 4(3), 2018, pp. 216-230, 
https://doi.org/10.22055/jacm.2017.23188.1150 

[17] Allam MNM., Tantawy R., Zenkour AM.: 
Thermoelastic stresses in functionally graded 
rotating annular disks with variable thickness, 
Journal of Theoretical and Applied Mechanics 56(4), 
2019, pp. 1029-1041,  
https://doi.org/10.15632/jtam-pl.56.4.1029 

[18] Sondhi L., Thawait AK., Sanyal S., Bhowmick S.: 
Stress and Deformation Analysis of Variable 
Thickness Clamped Rotating Disk of Functionally 
Graded Orthotropic Material, Materials Today: 
Proceedings, 18(7), 2019, pp. 4431-4440, 
https://doi.org/10.2478/mme-2019-0027 

[19] Nayak P., Bhowmick P., Saha K.N.: Elasto-plastic 
analysis of thermo-mechanically loaded functionally 
graded disks by an iterative variational method, 
Engineering Science and Technology, an 
International Journal, 23(1), 2020, pp. 42-64,  
https://doi.org/10.1016/j.jestch.2019.04.007 




